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Abstract

In this paper, a simple model is presented. It allows to give an approximation of the thermal contact resistance for a
solid-solid contact showing several levels of defects (flatness, roughness, ...) and including therefore several scales in
the constriction of the flux lines. According to this approach, the thermal contact is modeled using three intrinsic re-
sistances (interstitial fluid resistance, resistance of asperities, constriction resistance). This allows a direct calculation,
only valid for low levels of the ratio of the local contact over non-contact areas. Then the assumption is made that the
constriction phenomena are independent from the resistance scale. Finally, a periodic distribution is considered for the

surface defects.
© 2003 Published by Elsevier Ltd.

1. Introduction

In a solid-solid contact, particularly due to the
presence of flatness and roughness defects, the real sur-
face of contact is not equal to the apparent one. In heat
transfers, this phenomenon yields to a phenomenon
called a heat flux constriction [1]. We can find in the
literature a lot of contact resistance models in steady-
state regime [2-5]. The goal of this paper is to present a
simple thermal resistance model in steady-state regime
that takes into account several levels of constrictions.
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This model can be called a “double constriction” model
or “multi-constrictions” models. The references in this
domain are poor. We can notice a paper by Warren [13]
concerning the crushing of a Cantor type fractal surface
with a fractal dimension varying from one to two and
the paper of Majumdar [7] concerning a thermal model
for a fractal contact. The geometry of the contact he
considered is only of one type (a mono-pyramidal stack)
and the resistance network does not take into account
the interstitial fluid. Finally, we can mention the PhD
thesis of Larzabal [6] in which the surface models he
used are closed to those proposed in this paper and
allow to model several types of surface. The thermal
contact resistance is modeled by a network of resistances
taking into account the constriction and the widening of
the flux lines and the resistances of the asperities and of
the interstitial fluid. In this paper, we will show by ap-
plying a similar approach that a simple model, in which
the different resistances are intrinsic, can be set up in the
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Nomenclature

A, B, C, D quadrupole coefficients

a rod radius

b asperity radius

/ rod length

N number of constriction levels

r radial coordinate

70 thermal resistance of the media in perfect
contact

ra = R'/S, thermal resistance of asperities associated
to surface Sy

e thermal contact resistance

et thermal constriction resistance associated to
the outer flux tube

Tes thermal constriction resistance associated to

the inner flux tube

rq = X/(nb?) intrinsic constriction resistance

rr thermal resistance of the fluid

rq = R*/S; thermal resistance of the fluid associated
to surface S

Tm thermal resistance of the medium

rme = [(4S)) thermal resistance of the medium asso-
ciated to surface S,

rms = /(ASp) thermal resistance of the medium as-
sociated to surface S

7t thermal resistance of the elementary cell

R = (01/21) + (62/42) thermal resistance of asperi-
ties per unit area

R* = (0, + 92)/4r thermal resistance of fluid per unit
area

s real contact area
s* = b?/a® ratio of the real contact area over the
elementary cell area

S total contact area

So inner flux tube area (see Fig. 2)

S outer flux tube area (see Fig. 2)

T temperature

To imposed temperature

T: imposed temperature

X intrinsic constriction resistance per unit area

(see expression below)

Y = (l1/2) + (I2/22) thermal resistance of medium 1
and 2 per unit area

z axial coordinate

Greek symbols

€ similitude ratio

0 asperity height

[0) heat flux density

o heat flux density through the asperity
o heat flux density through the fluid

¢ heat flux

A heat conductivity

Subscripts

1,2 related to medium 1 and medium 2

n number of micro-contacts per macro-cell
Superscripts

* dimensionless quantity

m related to the macro-cell

case of small asperities (s* < 1) and allows a direct
calculation of the contact resistance. To develop such a
model, we are laying on a simplified model of the ther-
mal contact resistance based on an elementary cell.

2. Model of an elementary cell

Whole studies are almost entirely based on the notion
of a unit cell or an elementary cell that corresponds to a
contact (for a given scale) associated to a heat flux tube.
The geometry of the cell varies from one author to an-
other [8] but cells are generally chosen similar with a
periodic distribution. Some recent works [9-11] are in-
terested in non-given dimensions cells with a random
distribution. All these works clearly show that the results
are less sensitive (less than 10%, expect to non-realistic
particular cases 50%) to the cell geometry and the con-
tacts distribution, for the same s/S (real contact area/
total area) ratio and same asperities heights. On the
other hand, the size distribution can have a non-negli-

gible effect. Nevertheless, we will consider later on a
classical model with a cylindrical geometry (see Figs. 1
and 2).

We mention here the assumptions for the calculation
and refer the reader to [8,12] for more details:

Medium 1

Interstitial
Fluid

/

Medium 2

Asperity

Fig. 1. Elementary cell.
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Fig. 2. Description of the elementary cell.

e Asperities heights 4, and J, are weak compared to
medium thicknesses /; and /5.

e Boundary conditions between medium (1) and me-
dium (2) are written in term of average temperatures
over s and S —s.

e Heat flux is assumed piecewise uniform on s and
S —s.

Under these conditions, the problem can be written
with the following relations:

{A(Po +Bp,=T.—T (1)
Coy+Dpy=T1.—Tp

with

A=Ys"+R +X
B=Y(1-s)-X

X*
C=Ys"— a
1 —s*
. X
D:Y(l—s*)+R*+1S .
— S

where

e ¢, and ¢, represent the flux densities through the as-
perity and fluid respectively,

e T, and T, are imposed temperatures to the system
boundaries,

o Y=Lyb

! /2

unit area,

o R =i—:+i—i: thermal resistance of asperities per unit
area,

thermal resistance of medium 1 and 2 per

o R = 5‘*‘52 : thermal resistance of fluid per unit area,

o X = Z” | ;:2 J(l("w) (% +5 ) intrinsic constriction re-
sistance per unit area (When /y and [; > a, practically
[ 1 and lz > ll),

e s* =b?/a’: ratio of the real contact area over the
elementary cell area.

By defining the contact resistance as being the dif-
ference between the thermal resistance of the elementary
cell () and the thermal resistance of media in perfect
contact (rg), we find:

r=r.+ry thatyieldsto r
.- T, Y
—b?)  7na?

9o — (@

Expressed per unit area:
_R'X(1—5") + XR's" + RR*(1 —s°)
s(1=—s)+R(1—s)+X

)

Another approach consists in splitting the elementary
cell into two parallel flux tubes. First one on the asperity
(rs) thrown by the flux ¢, and the second on the fluid (r)
thrown by the flux ¢,.

We can write
I 1 1
- = + —

It rs re

Let decompose each resistance r; and r; into four

resistances connected in series:

Vs = Fmsl +Va + Tes + Tms2
Fp = Fmfl T 70+ Fer + Fmp2

where

® rmsi and rye represent the resistances of medium 1
and 2 associated to the surface Sy (inner flux tube)
(Fms1 = 11/(1150), Tms2 = 12/()»2S0)),

e r, and ry are the resistances of asperities and fluid
(”a = R//Soy = R*/Sl),

e rmn and ryp represent the resistances of medium 1
and 2 associated to the surface S; (outer flux tube)
(Fmp1 = 11/(;~151), Fmf2 = lz/(izsl)),

e 7. and ry are the constriction resistances associated
to the inner flux tube (flux lines narrowing) and outer
flux tube (flux lines widening).

This leads to the diagram of the Fig. 3. The expres-
sions (1) allow us to show that potentials 4, and B; are
equal. So it is for potentials 4, and B, (see Fig. 3). This
result leads to the schema given in Fig. 4 and therefore
to the expression of the contact resistance r. like a set of
four resistances:

et — ()

re Ta + Fes T e




3730 A. Degiovanni et al. | International Journal of Heat and Mass Transfer 46 (2003) 3727-3735

Fns, t, Fes s,
4 A,
T Ty
————] —eo——
L AAVEAAMAAANA AN
oy Tn Ty Tty
Fig. 3. Resistive diagram of the complete problem.
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Fig. 4. Resistive diagram of the contact resistance.

The expressions of the constriction resistances 7., and
ree can then be determined from the relations (1) by
identification:

X (RF—FR
o= R

1—.

X 5 (R-FK
rcr_n(azflﬂ)lfs* R +X

I—s*

We can provide three comments on these two resis-
tances:

e First, both are a function of R’ and R* and therefore
are not intrinsic.

e Second, ry is negative, this express the widening of
flux lines through the fluid.

e Finally, |rg| < |rs| if b/a is weak

4
< is in the same order of <é) )
a

This four resistances schema is exactly the same as those
given by expression (2).

Vet

rCS

3. Three resistances simplified model

Due to the coupling between constriction resistances
and asperities and fluid resistances, the previous schema
is exact but difficult to use. Thus, we prefer to use a

simplified model valid for weak b/a values (s* < 1).
That is almost always the case in usual applications.
For s* <« 1, relation (2) becomes

(E+5)
R =+—
R.— N s

= (4)
X R
R + -+
S N
That can be written (see Fig. 5):
I 1 1
S (5)
re rm Vet + ¥a

We find again the fluid resistance rq, asperity resistance
7. and intrinsic constriction resistance 7

s

—— A

A AN
s I,

Fig. 5. Resistive diagram of the contact resistance.
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R R d X
—a fa= o and ra=—

ith ry = =
W1 rf b2
This is the representation that will be subsequently used.

4. Double constriction

At first, let consider the problem of a double con-
striction in which both flatness and roughness defects
are taken into account. We can represent the contact as
shown in Fig. 6 where the constrictions (macro and
micro) are assumed independent that means in practice
the distance o, is of the same order of magnitude than a
(am, by and 0, are the characteristics of the macro-cell
and a, b, and ¢ the characteristics of the micro-cell).

In this case, the problem we have to solve in the
macro-cell remains strictly the same as before, except in
the level of the macro-asperities that now are not in
perfect contact but divided by the micro-contact resis-
tance that can be calculated by applying the previous
result to a micro-cell. The equivalent electric schema is
then given by the Fig. 7 and the contact resistance by the
following expression:

1 1 1

. - 6
7. 1 Jrr (6)

(1 1 ) T Tan + Fetn flm
—+ -n
143 ra+rct

where n is the number of micro-contacts by macro-cell.
In fact, n represents the ratio of the macro-asperities
area over the micro-cell area, that is n = b2, /a* with the
notations of the Figs. 2 and 6. By introducing the value
of n and the notations of expression (4), the contact
resistance per unit area is given by

Xo R, U
R;<T+ f”rt)
T (7

e

Fig. 6. Diagram of a double constriction.

n micro—cells

7 y
— A=A
— }7»] I
— A AN
ram rClm
A AN A— ——
AAAA

}’ﬂ

It

Fig. 7. Resistive diagram of the double constriction.

with
(£+%)
R(S+=
st st
V=" %
R*+—*+—*
st s

(as a matter of fact, U is the micro-constriction resis-
tance by micro-cell unit area) As shown in expression
(7), in the more general case where heat flow through the
fluid is taken into account, we cannot separate the
contribution of the micro- and macro-contact resis-
tances. Thus, it is difficult to draw some general con-
clusions from this expression.

For instance, let consider the following numerical
result:

e Brass-Brass contact at 20 °C: A =4 =110
Wm!K-!

o Interstitial fluid. Air at 20 °C: 4 = 0.025 Wm ' K.

e Microscopic parameters (roughness): a = 300 pm,
b =30 pm and 6 = 1 pm.

e Macroscopic parameters (flatness): a, = 10 mm,
b, = 1 mm and J,, = 0.05 mm.

This corresponds to the case where n = 11.

We obtain X = 0.402 x 107 m> KW~!; R* = 0.800 x
10 mKW!'; R=0.182x10"7 m*KW!; X, =
0.134 x 107* m>*KW~!; R, = 0.400 x 1072 m*KW;
R =0.909%107% m*KW!; st =5*=10"2; U=0.275x%
107* m*KW-! and R,=0.204x 102 m*KW~!. Conse-
quently, r.=6.49 KW~
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If we calculate the macro-constriction alone (by ne-
glecting the roughness), we find r. = 3.34 KW~! and if
we compare this result with the previous one, we observe
that roughness defects doubled the resistance value. As a
matter of fact, this result roughly depends on interstitial
fluid that ‘“‘short-circuits” more or less the micro-con-
striction resistance.

If the effect of the fluid is neglected (15 — 0), we find:

e For the double constriction r, = 17.9 KW,
e For the macro-constriction only 7, = 4.55 KW,

The magnitude varies from 1 to 4. (Table 1 gives the
r. variations with respect to A¢.) This first result seems us
to be important because it shows that the effect of the
fluid takes a larger part in the case of a double con-
striction model rather than in a simple constriction
model. Let now consider the case where we can directly
compare the part of the macro-constriction and micro-
constriction resistances. To do this, we assume that heat
flow through the fluid can be neglected. The resistance
becomes

I [Xn R, I [X R
re=—5 + +—= |zt

2 * * 2 * *
naz | sk, Sh b2 | st s
= Femara T Femiaro (8)
(indeed,

—

L (X RY_ 1 (X RY
2 \s* s ) ma*\s* s

represents the set of » in parallel micro-constrictions.)

To reduce the number of geometrical parameters that
allow to describe the contact, we consider that we pass
through macro- to micro-scales only by a simple change
of scale (auto-similarity). (In the case of the exam-
ple we considered, we should take 6, = 33.3 um instead
of 50 um.)

In this case, the problem is defined by three dimen-
sionless parameters and a length. For instance:

N

Table 1
Effect of the interstitial fluid conductivity on the micro-con-
strictions contribution

A req double Fem MAcro- Ted/Fem
constriction constriction
0 17.9 4.55 3.93
0.001 16.7 4.49 3.72
0.01 10.5 3.98 2.64
0.1 2.34 1.87 1.25
1 0.300 0.297 1.01
10 0.0316 0.0316 1.00

a b 0 o .

— =-—=—=¢ similitude ratio

¥ B .

— =—F=s" shape ratio )
at  a;

0 On ; . . .

—=—=0" relative thickness of asperities

a am

For the length, we can choose a,, but we can generalized
to another elementary cell shapes (for instance with
rectangular or square bases) simply by replacing a,, by
S, the area of the macro-cell (apparent contact area).
That is S = na?, (see Ref. [8]).

Instead of ¢, we could choose to use n, the number of
micro-contacts by macro-cells; n being link to ¢ by (see
Fig. 8):

Let write again the expression (8) (in the case of same
materials in contact) by introducing the dimensionless
parameters previously defined. We remember that to
characterize the constriction X, we usually make appear
a dimensionless parameter 4 which is only a function of
s* (see for instance [8,12]):

_ b( ! )}2>A(s*) (10)

with

J2 w,,
\/_' Z w2J wn
and o, being the roots of J;(w,) = 0.

Several approached expressions are given by authors.
We will remember that for s* < 1:

A(s) = 0.848(1 — 1.3v/s)

‘ ‘ n=1 8=\/ST
o
\ | | \
\ \
\ \ Vs s
n=4 E=—— n=—
\ \ 2 &
\ \
| | F
\ | n=9 s=?s
| |

Fig. 8. Relation between n and the cell geometry (auto-similar
square cells with double constriction).
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In these conditions, we have

oo B
Al %) A
20m
g 2
X:b(%—i-/%) - A(s*) :2—f~A(s*)
X zszmA(s*)

And later on, expression (8) is written:

=i A0 ) (e )]
(1)

By making appear a reduced resistance:

RZ = %rc\/ﬁ\/g

We obtain:
. [AlsT) 6 €
Rcf(ﬁ*%»«)(”s*) (12)

Expression (12) particularly allows to compare the
relative weight of the macro- and micro-scales. It is en-
ough for that to compare ¢/s* with 1. If ¢ > s* then the
micro-scale is more important than the macro-scale else
if ¢ < s* then this is the opposite (we do not have to
forget that ¢ is link to n by n = s*/&>. So, n having to be
larger than 1, ¢ cannot be larger than +/s*).

To conclude

N *
0 <e<s rcmacro > rcmicro
s <e<y/st Temaero < Temicro

We also have to come back on the notion of real
surface of contact. This notion directly depends on the
model that has been chosen to represent the interface
and consequently has no physical sense. To illustrate
this assertion, let consider three contacts with a double
constriction and

0"=0, s°=001 and &=0.1; 0.01; 0.001
Whatever the case, the real contact area is equal to

s =52 -8 (non-dependent of &)

Here,
s=10".8

Let identify now each contact with a simple con-
striction model (as we usually do), and let calculate for
the three previous cases the real area that should give the
same contact resistance (to make the calculus more easy,
let take A(s*) = 4o = C™).

Ao &
R = (1 +7)
c /S* §*

Identified with a simple constriction model (R} =
Ao/v/s*) we find

51 =083x107*.8

55 =25%x107"*.8

s3=283x107*.§

As a matter of fact, more generally s= (s*/(1+
(¢/s*))%) - S (instead of the real area s=s-S) and
strongly depends on ¢ because the identified value of s
varies from 1 to 100.

5. Extension to a multi-constrictions surface

The diagram of the double constriction can be easily
extended (under the same assumptions) to N-levels of
constriction. Expression (7) becomes

X, R U
R (— +=4 —“)

1 * * k
Si S Si

U = (13)

~ X R U
Ri+_*+_*+—*
S8 Si

with Uy, = 0 and r. = U;/(rna?), na} being the macro-
cell area.

Expression (13) is quite general. Its direct application
is easy if we know the interface geometry. This requires
the knowledge of three parameters for each level (a or S,
b or s and 9). On the other hand, it is difficult to draw
some generalities from this.

To analyze the expression (13), we consider the same
conditions as for the double constriction (we will come
back later on the influence of A), that is

o ;,f —0
e levels are auto-similar.

This brings back the problem to three dimensionless
parameters:
a; bi 5l-
= = =g
a1 by 6
b?

a;
with n = s* /2.
Expression (13) can be simplified and becomes

1L /X R\ 1 1 (X RY 111
=\ ot | T 2\t ) T
may \ $* s n ma; \$* s n n maz
J’_

N\ 1 Xy R
..+ (_> ._2. ( iv+_iv)
n iy s* N
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Let introduce the respective values of n, X; and R}:

N 2y i—1 «
e Py (;) W |:T+E:|

i

Making appear the previous dimensionless parameters:

2 A(sY) 5*] N ey il
re= : +—- -
/TS { N ; (s)
Introducing the reduced resistance and calculating the
sum, we find

R*(@g_*)_l—(?)]v

= Et o (ife#) (14)

-5
s
of which expression (12) is the particular case for N = 2.

This expression is interesting because it allows us to
define two different behaviors according to the value of
the similitude parameter e.

If ¢ > 5%, R indefinitely increases with respect to N.
This seams to be consistent with the fact that if N — oo
then the real contact area tends to zero (s = s*V - S).

If ¢ < s then R} is increasing with respect to N but
tends to a limit value:

L [A(s) 6 1
Mmoo RC_)(\/S_*+57).1—£

§*

This seams to be paradoxical because once again the real
contact area tends to zero when N — oo (s is non-de-
pendant to ¢). So, we can have a real contact area equal
to zero and a finite contact resistance.

However, we do not have to lose sight of that all the
previous results have been obtained in the limiting case
where /s = 0. We have seen before that in the case of the
double constriction, the values of the contact resistance
can be strongly affected by the presence of interstitial
fluid. This aspect is more amplifying for multi-con-
strictions.

By keeping auto-similar levels and introducing
A" = A¢/ 2, expression (13) becomes

20 VT LA
! = +\/s_*A(s*)+b*+5a—iUi+1
Let
A1
W = E ;i U;
We obtain

6*
T*S' (VS A(s") + 6 + W]

i S;(S*
)—*4‘ \/STA(S*) + 0" + Wiy

with Wy =0 and R = W] /e.

Table 2
Reduced contact resistance (R:) with respect to A" and N for
6" =0.003; s* =0.01 and ¢ =0.03 (n = 11)

. N

1 2 3 4 10 00
0 770 30.8 100.1 308 227335 oo
105 751 274 69.3 125 201 201
104 613 139 18.7 20.4 21.1 21.1

1073 2.16 2.48 2.50 2.51 2.51 2.51
1072 0.29 0.29 0.29 0.29 0.29 0.29

Table 3
Reduced contact resistance (R;) with respect to A and N for
8 =0.003; s* = 0.01 and & = 0.01 (n = 100)

s N
1 2 3 4 10 00
0 7.70 15.4 23.1 30.8 77 00

10-° 7.51 14.5 20.6 259 41.1 44.4
104 6.13 9.46 109 11.5 11.8 11.8
10-3 2.16 2.30 2.31 2.31 2.31 2.31
102 0.29 0.29 0.29 0.29 0.29 0.29

Table 4
Reduced contact resistance (R:) with respect to 2" and N for
0" =0.003; s* = 0.01 and ¢ = 0.003 (n = 1111)

2 N
1 2 3 4 10 00
0 7.70 10.0 10.7 10.9 11 11

10-3 7.51 9.63 102 10.4 10.5 10.5

104 6.13 7.24 7.43 7.46 7.47 7.47
1073 2.16 2.21 2.21 2.21 2.21 2.21
1072 0.29 0.29 0.29 0.29 0.29 0.29

For instance, Table 2 shows the evolution of R} with
respect to A" for several N values in the case ¢ > s* for
0" =0.003; s*=0.01 and ¢=0.03. (This involves
A(s*) = 0.74.)

We actually notice that the influence of the fluid is
more important when N is large. Especially for N = 4,
the presence of interstitial fluid cannot be neglected even
in the case of a low pressure gas.

Tables 3 and 4 present the results we respectively
obtain in the cases ¢ = s* (for 6° = 0.003; s* = 0.01 and
¢=10.01) and ¢ <s* (with 6" =0.003; s* =0.01 and
¢ = 0.003).

6. Fractal dimension

It can be interesting to have a look on the fractal
dimension of the surface of contact. By using the
HAUSDORFF dimension [14] in auto-similar cases, D
is given by
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In[N(1)/N(1)]

b= In[l/ V] (15)

(/ and !’ being the diameters of the elements between two

succeeding levels N (/) and N(/) the number of elements

between two succeeding levels).
This yields with our notation to the following rela-
tion:
In(s* /&)
b= In(1/¢) (16)
e Ifs* =1, we find D = 2. This is an evident result.
If ¢ — 0, we also find D = 2. This is less obvious.

e The limit as ¢ = s* which is the limiting case between
the two behaviors of the contact resistance corre-
sponds to a fractal dimension equal to D, = 1.

If ¢ — /5%, we find D = 0.
For instance, the fractal dimensions in the three cases
we considered in Tables 2-4 are

DI] = 0687
DIll =1
DIV = 1207

7. Conclusion

A simple model for the thermal behavior of a multi-
constrictions contact has been developed from a contact
resistance diagram composed of a set of three resis-
tances.

This elementary model nevertheless allows us to un-
derline

o the relative importance of macro- and micro-con-
strictions conducted by the ratio ¢/s* (similitude ratio
over shape ratio),

e a behavior of the n-constrictions contact that
strongly depends on the ratio ¢/s*,

o the key role played by the interstitial fluid when the
order N becomes large,

e the non-intrinsic character of the notion of real con-
tact area.
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